
Chapter 5

Gödel’s 1st Incompleteness Theorem

5.1 Gödel Numbers

The idea is the following: intuitively, formulas from arithmetic talk about integers – no mat-
ter whether these are standard or not – we can turn them into formulas that talk about the
arithmetic itself by encoding formulas, proofs, etc. by integers. This way a formula ωpxq may
say something like “x is the code of a closed formula from our language LA “ t0, S, `, ¨u” or
εpx, yq may eventually say “x is the code of a closed formula ϑ from our language and y is the
code of a proof of ϑ in Robinson arithmetic”.

As always in logic, we start with the terms: given term t we write xty for its code.

Definition 1.1: Gödel numbering of the LA-terms

The Gödel numbering of the terms from the language whose signature is LA “ t0, S, `, ¨u

is

˝ t “ 0 ù xty “ ϖ3p0, 0, 0q

˝ t “ xn ù xty “ ϖ3pn ` 1, 0, 0q

˝ t “ St0 ù xty “ ϖ3pxt0y, 0, 1q

˝ t “ t0`t1 ù xty “ ϖ3pxt0y, xt1y, 2q

˝ t “ t0¨t1 ù xty “ ϖ3pxt0y, xt1y, 3q

Lemma 1.1

The set T of all codes of terms from LA
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T “
!

xty | t is a term from LA
(

is Prim. Rec.

To almost immediately show this result we need to prove that some stronger form of construction
by recursion still produces Prim. Rec. functions.

Lemma 1.2

For all Prim. Rec. functions h P NpNn`p`1
q, g P NpNn

q, k1, . . . , kp P NN, such that every
integer y ! 0 "

0!i"p

kipyq " y

the function f P NpNn`1
q defined by

(1) fp
#Ñx , 0q “ gp

#Ñx q

(2) fp
#Ñx , y ` 1q “ h

`
fp

#Ñx , k1pyqq, . . . , fp
#Ñx , kppyqq, #Ñx , y, fp

#Ñx , yq
˘

is also Prim. Rec.

First, notice that the Ackermann function A P NpN2
q defined by

Apm, nq “

$
&

%

n ` 1 if m “ 0,
Apm ´ 1, 1q if m ! 0 and n “ 0,
A

`
m ´ 1, Apm, n ´ 1q

˘
if m ! 0 and n ! 0.

is not of this form for Apm, n ´ 1q " n certainly does not hold.

Proof of Lemma 1.1:

Its characteristic function ϱT : N #Ñ N is defined by:

if ς3
3pkq “ 0 and ς2

3pkq “ 0 and ς1
3pkq “ 0 ù ϱT pkq “ 1

if ς3
3pkq “ 0 and ς2

3pkq “ 0 and ς1
3pkq ! 0 ù ϱT pkq “ 1

if ς3
3pkq “ 1 and ς2

3pkq “ 0 and ς1
3pkq ! 0 ù ϱT pkq “ ϱT ˝ ς1

3pkq

if ς3
3pkq “ 2 ù ϱT pkq “ ϱT

`
ς1
3pkq

˘
¨ ϱT

`
ς2
3pkq

˘

if ς3
3pkq “ 3 ù ϱT pkq “ ϱT

`
ς1
3pkq

˘
¨ ϱT

`
ς2
3pkq

˘

else ù ϱT pkq “ 0.
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By Lemma 1.2 this definition by case study yields a Prim. Rec. function.

Proof of Lemma 1.2:

The idea of the proof is to define by recursion a function that carries each and everyone of
the datas fp

#Ñx , zq for z " y when defining fp
#Ñx , yq. To achieve this, we make use of the

Prim. Rec. functions c and d that were defined in Example 4.1:

(1) the function c : N!ω
#Ñ N codes the finite sequences of integers and is defined by

"
cpφq “ 1
cpx0, . . . , xpq “ ! p0q

x0`1
¨ ! p1q

x1`1
¨ ¨ ¨ ! ppq

xp`1.

(2) And the function d P NpN2
q that allows, from any integer n, to recover every element

of the sequence xx0, . . . , xpy that c encodes (i.e., cpx0, . . . , xpq “ n) by

dpi, nq “ µx $ n ! piqx`1 does not divide n.

We want to define some Prim. Rec. function ϑ P NpNn`1
q such that

ϑp
#Ñx , yq “ c

`
fp

#Ñx , 0q, fp
#Ñx , 1q, . . . , fp

#Ñx , yq
˘

This is easily done by recursion:

(1) ϑp
#Ñx , 0q “ 2gp#Ñx q`1

(2) ϑp
#Ñx , y ` 1q “ ϑp

#Ñx , yq ¨ ! py ` 1q
h
“
drk1pyqq,εp#Ñx ,yqs,...,drkppyqq,εp#Ñx ,yqs,#Ñx ,y,fp#Ñx ,yq

‰
`1.

Then, to show that f is also Prim. Rec., it only remains to set

fp
#Ñx , yq “ d

“
y, ϑp

#Ñx , yq
‰

9́ 1.

Definition 1.2: Gödel numbering of the LA-formulas

The Gödel numbering of the LA-formulas is
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ω “ t0 “ t1 ù xωy “ ϖ3pxt0y, xt1y, 4q

ω “ %ε ù xωy “ ϖ3pxεy, 0, 5q

ω “ pω0 ^ ω1q ù xωy “ ϖ3pxω0y, xω1y, 6q

ω “ pω0 _ ω1q ù xωy “ ϖ3pxω0y, xω1y, 7q

ω “ pω0 #Ñ ω1q ù xωy “ ϖ3pxω0y, xω1y, 8q

ω “ pω0 &Ñ ω1q ù xωy “ ϖ3pxω0y, xω1y, 9q

ω “ @xn ε ù xωy “ ϖ3pxεy, n, 10q

ω “ Dxn ε ù xωy “ ϖ3pxεy, n, 11q.

Notice that for every formula ω, we have xωy ! 0.

Lemma 1.3

The set of all codes of formulas from LA is Prim. Rec.

F “
!

xωy | ω is a formula from LA
(

P Prim. Rec.

Proof of Lemma 1.3:

Its characteristic function ϱF : N #Ñ N is defined by:

if ς3
3pkq “ 4 ù ϱFpkq “ ϱF

`
ς1
3pkq

˘
¨ ϱF

`
ς2
3pkq

˘

if ς3
3pkq “ 5 and ς2

3pkq “ 0 ù ϱFpkq “ ϱF ˝ ς1
3pkq

if ς3
3pkq “ 6 ù ϱFpkq “ ϱF

`
ς1
3pkq

˘
¨ ϱF

`
ς2
3pkq

˘

if ς3
3pkq “ 7 ù ϱFpkq “ ϱF

`
ς1
3pkq

˘
¨ ϱF

`
ς2
3pkq

˘

if ς3
3pkq “ 8 ù ϱFpkq “ ϱF

`
ς1
3pkq

˘
¨ ϱF

`
ς2
3pkq

˘

if ς3
3pkq “ 9 ù ϱFpkq “ ϱF

`
ς1
3pkq

˘
¨ ϱF

`
ς2
3pkq

˘

if ς3
3pkq “ 10 and ς2

3pkq ! 0 ù ϱFpkq “ ϱF ˝ ς1
3pkq

if ς3
3pkq “ 11 and ς2

3pkq ! 0 ù ϱFpkq “ ϱF ˝ ς1
3pkq

else ù ϱFpkq “ 0.

By Lemma 1.2 this definition by case study yields a Prim. Rec. function.
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Lemma 1.4

The occurence relation of variables in terms from LA

T✁x “
!

pxty, nq | t is a term from LA and t contains xn

(

is Prim. Rec.

Proof of Lemma 1.4:

Its characteristic function ϱT ✁xn
: N2

#Ñ N is defined by:

if ς3
3pkq “ 0 and ς2

3pkq “ 0 and ς1
3pkq “ n ` 1 ù ϱT ✁xn

pk, nq “ 1

if ς3
3pkq “ 1 and ς2

3pkq “ 0 ù ϱT ✁xn
pk, nq “ ϱT ✁xn

`
ς1
3pkq, n

˘

if ς3
3pkq “ 2 ù ϱT ✁xn

pk, nq “ max
´
ϱT ✁xn

`
ς1
3pkq, n

˘
, ϱT ✁xn

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 3 ù ϱT ✁xn

pk, nq “ max
´
ϱT ✁xn

`
ς1
3pkq, n

˘
, ϱT ✁xn

`
ς2
3pkq, n

˘¯

else ù ϱT ✁xn
pk, nq “ 0.

By Lemma 1.2 this definition by case study yields a Prim. Rec. function.

Lemma 1.5

The set
T✂x “

!
pxty, nq | t is a term from LA and t does not contain xn

(

is Prim. Rec.

Proof of Lemma 1.5:

Its characteristic function ϱT ✂xn
: N2

#Ñ N is defined by :

if ς3
3pkq “ 0 and ς2

3pkq “ 0 and ς1
3pkq ‰ n ` 1 ù ϱT ✂xn

pk, nq “ 1

if ς3
3pkq “ 1 and ς2

3pkq “ 0 ù ϱT ✂xn
pk, nq “ ϱT ✂xn

`
ς1
3pkq, n

˘

if ς3
3pkq “ 2 ù ϱT ✂xn

pk, nq “ ϱT ✂xn

`
ς1
3pkq, n

˘
¨ ϱT ✂xn

`
ς2
3pkq, n

˘

if ς3
3pkq “ 3 ù ϱT ✂xn

pk, nq “ ϱT ✂xn

`
ς1
3pkq, n

˘
¨ ϱT ✂xn

`
ς2
3pkq, n

˘

else ù ϱT ✂xn
pk, nq “ 0.

By Lemma 1.2 this definition by case study yields a Prim. Rec. function.



142 Gödel & Recursivity

Lemma 1.6

The set
F✁x “

!`
xωy, n

˘
| ω is a formula from LA and ω contains xn

(

is Prim. Rec.

Proof of Lemma 1.6:

Its characteristic function ϱF✁xn
: N2

#Ñ N is defined by:

if ς3
3pkq “ 4 ù ϱF✁xn

pk, nq “ max
´
ϱT ✁xn

`
ς1
3pkq, n

˘
, ϱT ✁xn

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 5 and ς2

3pkq “ 0 ù ϱF✁xn
pk, nq “ ϱF✁xn

`
ς1
3pkq, n

˘

if ς3
3pkq “ 6 ù ϱF✁xn

pk, nq “ max
´
ϱF✁xn

`
ς1
3pkq, n

˘
, ϱF✁xn

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 7 ù ϱF✁xn

pk, nq “ max
´
ϱF✁xn

`
ς1
3pkq, n

˘
, ϱF✁xn

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 8 ù ϱF✁xn

pk, nq “ max
´
ϱF✁xn

`
ς1
3pkq, n

˘
, ϱF✁xn

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 9 ù ϱF✁xn

pk, nq “ max
´
ϱF✁xn

`
ς1
3pkq, n

˘
, ϱF✁xn

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 10 ù ϱF✁xn

pk, nq “ ϱF✁xn

`
ς1
3pkq, n

˘

if ς3
3pkq “ 11 ù ϱF✁xn

pk, nq “ ϱF✁xn

`
ς1
3pkq, n

˘

else ù ϱF✁xn
pk, nq “ 0.

By Lemma 1.2 this definition by case study yields a Prim. Rec. function.

Lemma 1.7

The set

F✂x “
!`

xωy, n
˘

| ω is a formula from LA and ω does not contain xn

(

is Prim. Rec.
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Proof of Lemma 1.7:

Its characteristic function ϱF✂xn
: N2

#Ñ N is defined by :

if ς3
3pkq “ 4 ù ϱF✂xn

pk, nq “ ϱT ✂xn
˝ ς1

3pkq ¨ ϱT ✂xn
˝ ς2

3pkq

if ς3
3pkq “ 5 and ς2

3pkq “ 0 ù ϱF✂xn
pk, nq “ ϱF✂xn

˝ ς1
3pkq

if ς3
3pkq “ 6 ù ϱF✂xn

pk, nq “ ϱF✂xn
˝ ς1

3pkq ¨ ϱF✂xn
˝ ς2

3pkq

if ς3
3pkq “ 7 ù ϱF✂xn

pk, nq “ ϱF✂xn
˝ ς1

3pkq ¨ ϱF✂xn
˝ ς2

3pkq

if ς3
3pkq “ 8 ù ϱF✂xn

pk, nq “ ϱF✂xn
˝ ς1

3pkq ¨ ϱF✂xn
˝ ς2

3pkq

if ς3
3pkq “ 9 ù ϱF✂xn

pk, nq “ ϱF✂xn
˝ ς1

3pkq ¨ ϱF✂xn
˝ ς2

3pkq

if ς3
3pkq “ 10 ù ϱF✂xn

pk, nq “ ϱF✂xn
˝ ς1

3pkq

if ς3
3pkq “ 11 ù ϱF✂xn

pk, nq “ ϱF✂xn
˝ ς1

3pkq

else ù ϱF✂xn
pk, nq “ 0.

By Lemma 1.2 this definition by case study yields a Prim. Rec. function.

Lemma 1.8

The set
F✁x free “

!`
xωy, n

˘
| ω is a formula from LA and xn is free in ω

(

is Prim. Rec.

Proof of Lemma 1.8:

Its characteristic function ϱF✁x free
: N2

#Ñ N is defined by:
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if ς3
3pkq “ 4 ù ϱF✁x free

pk, nq “ max
´
ϱF✁x free

`
ς1
3pkq, n

˘
, ϱF✁x free

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 5 and ς2

3pkq “ 0 ù ϱF✁x free
pk, nq “ ϱF✁x free

`
ς1
3pkq, n

˘

if ς3
3pkq “ 6 ù ϱF✁x free

pk, nq “ max
´
ϱF✁x free

`
ς1
3pkq, n

˘
, ϱF✁x free

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 7 ù ϱF✁x free

pk, nq “ max
´
ϱF✁x free

`
ς1
3pkq, n

˘
, ϱF✁x free

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 8 ù ϱF✁x free

pk, nq “ max
´
ϱF✁x free

`
ς1
3pkq, n

˘
, ϱF✁x free

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 9 ù ϱF✁x free

pk, nq “ max
´
ϱF✁x free

`
ς1
3pkq, n

˘
, ϱF✁x free

`
ς2
3pkq, n

˘¯

if ς3
3pkq “ 10 and ς2

3pkq ‰ n ù ϱF✁x free
pk, nq “ ϱF✁x free

`
ς1
3pkq, n

˘

if ς3
3pkq “ 11 and ς2

3pkq ‰ n ù ϱF✁x free
pk, nq “ ϱF✁x free

`
ς1
3pkq, n

˘

else ù ϱF✁x free
pk, nq “ 0.

By Lemma 1.2 this definition by case study yields a Prim. Rec. function.

Lemma 1.9

The set

F✁x bound “
!`

xωy, n
˘

| ω is a formula from LA and xn is bound in ω
(

is Prim. Rec.

Proof of Lemma 1.9:

we have F✁x bound “ F✁x ⊋ F✁x free.

Lemma 1.10

The set of all codes of closed formulas from LA

F✁closed “
!

xωy | ω is a closed formula from LA
(

is Prim. Rec.
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Proof of Lemma 1.10:

We have
k P F✁closed ’ñ k P F and @n $ k pk, nq R F✁x free.

Lemma 1.11

The function ST
ub. P NpN3

q defined below is Prim. Rec.

ST
ub. pnu, nt, nq “

#
xurt{xnsy if nu P T , nt P T and nu “ xuy, nt “ xty

0 otherwise.

Proof of Lemma 1.11:

We first recall the definition of xty:

t “ 0 ù xty “ ϖ3p0, 0, 0q

t “ xn ù xty “ ϖ3pn ` 1, 0, 0q

t “ St0 ù xty “ ϖ3pxty, 0, 1q

t “ t0`t1 ù xty “ ϖ3pxt0y, xt1y, 2q

t “ t0¨t1 ù xty “ ϖ3pxt0y, xt1y, 3q

ST
ub. P NpN3

q is defined by

ST
ub. pnu, nt, nq “

$
’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’%

0 if nu R T or nt R T

nt if nu, nt P T and ς3
3pnuq “ 0 and ς2

3pnuq “ 0 and ς1
3pnuq “ n ` 1

nu if nu, nt P T and ς3
3pnuq “ 0 and ς2

3pnuq “ 0 and ς1
3pnuq ‰ n ` 1

ϖ3pST
ub.

`
ς1
3pnuq, nt, n

˘
, 0, 1q if nu, nt P T and ς3

3pnuq “ 1 and ς2
3pnuq “ 0 and ς1

3pnuq P T

ϖ3pST
ub.

`
ς1
3pnuq, nt, n

˘
, ST

ub.

`
ς2
3pnuq, nt, n

˘
, 2q if nu, nt P T and ς3

3pnuq “ 2 and ς2
3pnuq P T and ς1

3pnuq P T

ϖ3pST
ub.

`
ς1
3pnuq, nt, n

˘
, ST

ub.

`
ς2
3pnuq, nt, n

˘
, 3q if nu, nt P T and ς3

3pnuq “ 3 and ς2
3pnuq P T and ς1

3pnuq P T .

By Lemma 1.2 ST
ub. is Prim. Rec.
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Lemma 1.12

The function SF
ub. P NpN3

q defined below is Prim. Rec.

SF
ub. pnϑ, nt, nq “

#
xωrt{xnsy if nϑ “ xωy P F , nt “ xty P T

0 otherwise .

Proof of Lemma 1.12:

We first recall the definition of xωy:

ω “ t0 “ t1 ù xωy “ ϖ3pxt0y, xt1y, 4q

ω “ %ε ù xωy “ ϖ3pxεy, 0, 5q

ω “ pω0 ^ ω1q ù xωy “ ϖ3pxω0y, xω1y, 6q

ω “ pω0 _ ω1q ù xωy “ ϖ3pxω0y, xω1y, 7q

ω “ pω0 #Ñ ω1q ù xωy “ ϖ3pxω0y, xω1y, 8q

ω “ pω0 &Ñ ω1q ù xωy “ ϖ3pxω0y, xω1y, 9q

ω “ @xn ε ù xωy “ ϖ3pxεy, n, 10q

ω “ Dxn ε ù xωy “ ϖ3pxεy, n, 11q.

SF
ub. P NpN3

q is defined by

SF
ub. pnϑ, nt, nq “

$
’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’%

0 if nϑ R F or nt R T

ϖ3pST
ub.

`
ς1
3pnϑq, nt, n

˘
, ST

ub.

`
ς2
3pnϑq, nt, n

˘
, 4q if nϑ P F and nt P T and ς3

3pnϑq “ 4

ϖ3pSF
ub.

`
ς1
3pnϑq, nt, n

˘
, 0, 5q if nϑ P F and nt P T and ς3

3pnϑq “ 5

ϖ3pSF
ub.

`
ς1
3pnϑq, nt, n

˘
, SF

ub.

`
ς2
3pnϑq, nt, n

˘
, 6q if nϑ P F and nt P T and ς3

3pnϑq “ 6

ϖ3pSF
ub.

`
ς1
3pnϑq, nt, n

˘
, SF

ub.

`
ς2
3pnϑq, nt, n

˘
, 7q if nϑ P F and nt P T and ς3

3pnϑq “ 7

ϖ3pSF
ub.

`
ς1
3pnϑq, nt, n

˘
, SF

ub.

`
ς2
3pnϑq, nt, n

˘
, 8q if nϑ P F and nt P T and ς3

3pnϑq “ 8

ϖ3pSF
ub.

`
ς1
3pnϑq, nt, n

˘
, SF

ub.

`
ς2
3pnϑq, nt, n

˘
, 9q if nϑ P F and nt P T and ς3

3pnϑq “ 9

ϖ3pSF
ub.

`
ς1
3pnϑq, nt, n

˘
, ς2

3pnϑq, 10q if nϑ P F and nt P T and ς3
3pnϑq “ 10 and ς2

3pnϑq ‰ n

ϖ3pSF
ub.

`
ς1
3pnϑq, nt, n

˘
, ς2

3pnϑq, 11q if nϑ P F and nt P T and ς3
3pnϑq “ 11 and ς2

3pnϑq ‰ n

ς1
3pnϑq if nϑ P F and nt P T and ς3

3pnϑq “ 10 and ς2
3pnϑq “ n

ς1
3pnϑq if nϑ P F and nt P T and ς3

3pnϑq “ 11 and ς2
3pnϑq “ n

By Lemma 1.2 SF
ub. is Prim. Rec.

We will now define a way of coding (finite) sets of formulas. We will not really encode the set,
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but some finite sequence of formulas, because we will not care about the ordering of such a
sequence, even if what we really encode is the sequence, we will handle it as if it were a set.

Definition 1.3: Coding and decoding sequences

We define both x y : N!ω
#Ñ N and z y : N2

#Ñ N by

"
xφy “ 0

xk0, . . . , kpy “ ! p0q
k0

¨ ! p1q
k1

¨ ¨ ¨ ! ppq
kp .

Where ! piq enumerates the prime numbersa.
And

znyi “ µx $ n ! piqx`1 does not divide n.

a
! p0q “ 2;! p1q “ 3;! p2q “ 5; etc.

Notice that for all i $ p we have zxk0, . . . , kpyyi “ ki. Furthermore, for every formula ω, the inte-
ger xωy is strictly positive. Therefore, given any sequence →k0, . . . , kp↑ P N!ω if zxk0, . . . , kpyyi “ 0
then we know for sure that ki does not code a formula.

We will say that the integer 1 codes the empty set – which is also an empty set of formulas –
and another integer codes the set ” “ tω0, ω1, . . . , ωpu if this integer is of the form ! pi0q

xϑ0y
¨

! pi1q
xϑ1y

¨ ¨ ¨ ! pipq
xϑpy.

Definition 1.4: Gödel numbering of the LA-finite sets of formulas

The Gödel numbering of any set ” “ tω0, ω1, . . . , ωpu of LA-formulas is any integer of the
form

x”y “ 1 if ” “ H,

“ ! pi0q
xϑ0y

¨ ! pi1q
xϑ1y

¨ ¨ ¨ ! pipq
xϑpy otherwise.

with ti0, . . . , ipu and ” having the same cardinalitya.

We denote CPfin.pFq the set of codes of finite sets of formulas:

CPfin.pFq “ tx”y | ” is any finite set of LA formulasu.

a
This means @j, k ! p pj ‰ k Ñ ij ‰ ikq.
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Lemma 1.13

The set CPfin.pFq of codes of finite sets of formulas is Prim. Rec.

Proof of Lemma 1.13:

ϱCPfin.pFqpnq “

$
’&

’%

1 if n “ 1

1 if n ‰ 1 and @i $ n
“
znyi ! 0 #Ñ znyi P F

‰

0 else.

Lemma 1.14

There exist two Prim. Rec. functions Rem. : N2
#Ñ N and Add. : N2

#Ñ N such that

Add. pn, mq “

#
x” Y tωuy if n “ xωy P F and m “ x”y P CPfin.pFq

0 if n R F or m R CPfin.pFq

Rem. pn, mq “

#
x” ⊋ tωuy if n “ xωy P F and m “ x”y P CPfin.pFq

0 if n R F or m R CPfin.pFq.

Proof of Lemma 1.14:

We have both

Add. pn, mq “

#
0 if n R F or m R CPfin.pFq

m ¨ !
`
µi $ m zmyi “ 0

˘n
if xωy “ n P F and x”y “ m P CPfin.pFq.

and

Rem. pn, mq “

$
’’’&

’’’%

0 if n R F or m R CPfin.pFq

m if n P F and m P CPfin.pFq and @i $ m zmyi ‰ n„
m

¨!
`
µi $ m zmyi “ n

˘n

#
if n P F and m P CPfin.pFq and Di $ m zmyi “ n
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Lemma 1.15

The set

Ins. “

!
pxωy, x”yq P N2

| xωy P F , x”y P CPfin.pFq and ω P ”
)

is Prim. Rec.

Later on, we will use a relation-like notation and write xωy Ins. x”y instead of pxωy, x”yq P Ins..

Proof of Lemma 1.15:

We have

ϱIns.
pn, mq “

$
’’’&

’’’%

1 if n P F and m P CPfin.pFq and Di $ m

$
’&

’%

! piqn divides m

and

! piqn`1 does not divides m
0 else.

Lemma 1.16

The following set

Equ. “

!
px#y, x”yq P N2

| x#y P CPfin.pFq, x”y P CPfin.pFq and # “ ”
)

.

is Prim. Rec.

Notice that the equality “ # “ ”” is between two sets, therefore it relies on extensionality. We
will use a relation-like notation and write xωy Equ. x”y instead of pxωy, x”yq P Equ..

Proof of Lemma 1.16:

We have

ϱEqu.
pn, mq “

#
1 if n, m P CPfin.pFq and @i $ maxpn, mq

`
i P F Ñ pi Ins. n Ø i Ins. mq

˘

0 else.
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Lemma 1.17

There exists a Prim. Rec. function Union P NpN2
q such that

Union pn, mq “

#
0 if n R CPfin.pFq or m R CPfin.pFq

x$y if n “ x#y P CPfin.pFq and m “ x”y P CPfin.pFq and x$y Equ. x# Y ”y.

Proof of Lemma 1.17:

We first define f P NpN3
q by recursion:

$
&

%
fp↼, ↽, 0q “ ! p0q

zϖy0
¨ ! p1q

zϱy0

fp↼, ↽, n ` 1q “ ! p2nq
zϖyn

¨ ! p2n ` 1q
zϱyn

¨ fp↼, ↽, nq.

Then we set
Union p↼, ↽q “ fp↼, ↽, maxp↼, ↽qq.

Union pn, mq “ fpn, m, maxpn, mqq if n P CPfin.pFq and m P CPfin.pFq

“ 0 otherwise.

Definition 1.5: Gödel numbering of the LA-sequents from sequent calculus

The Gödel numbering of any sequent # $ ” is

x# $ ”y “ ϖ2px#y, x”yq

We denote SQ the set of codes of sequents:

SQ “ tx# $ ”y | #, ” finite sets of LA formulasu.

Given any integer n we use the notation ln for ς1
2pnq and rn for ς2

2pnq. This way,

if n “ x# $ ”y, then ln “ x#y and rn “ x”y.
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Lemma 1.18

The set SQ of codes of sequents of sequent calculus is Prim. Rec.

Proof of Lemma 1.18:

ϱSQpnq “

#
1 if ln P CPfin.pFq and rn P CPfin.pFq

0 else

We will now denote AX the set of codes of axioms of sequent calculus which are not to be
mistaken for the axiom of Robinson arithmetic.

Definition 1.6: Gödel numbering of the axioms of sequent calculus

AX “

!
ϖ2

`
2xϑy, 2xϑy˘

| xωy P F
)
.

Lemma 1.19

The set AX of codes of axioms of sequent calculus is Prim. Rec.

Proof of Lemma 1.19:

ϱAX pnq “

#
1 if ln “

rn and zlny0 P F and @i $ n zlnyi`1
“ 0

0 otherwise.

5.2 Coding the Proofs

We recall that a proof in Sequent Calculus is a tree of the form
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ax

ε $ ε
wknl

ω, ε $ ε !r

ω $ %ε, ε

ax
ω $ ω

wknr

ω $ ω, ε !l

ω, %ω $ ε Ñl

ω, %ε Ñ %ω $ ε Ñr

%ε Ñ %ω $ ω Ñ ε

where the shape of the tree is controlled by the rules of Sequent Calculus.

We are now ready to define for each rule of the Sequent Calculus, a set of tuples of codes of
sequents that satisfy the property that the rule defines.
We will successively define

Definition 2.1

(1) ˝ Rax ( N

(2) ˝ R^l1 ( N2

˝ R^l2 ( N2

˝ R$l ( N2

˝ R@l ( N2

˝ RDl ( N2

˝ R_r1 ( N2

˝ R_r2 ( N2

˝ R$r ( N2

˝ R@r ( N2

˝ RDr ( N2

˝ Rwknl
( N2

˝ Rwknr ( N2

˝ Rctr l&r ( N2

˝ Rcut ( N2

˝ RRep ( N2

˝ RRef ( N2

(3) ˝ R_l ( N3
˝ RÑl ( N3

˝ R^r ( N3

and for each of them, the fact that it is Prim. Rec. will derive from its definition. We first recall
what the rules are.
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Sequent Calculus

Axioms

ax
ω $ ω

Logical Rules

#, ω $ ” ^l1

#, ω^ε $ ”
#, ε $ ” ^l2

#, ω^ε $ ”
# $ ω, ” # $ ε, ” ^r

# $ ω^ε, ”

#, ω $ ” #, ε $ ” _l

#, ω_ε $ ”
# $ ω, ” _r1

# $ ω_ε, ”
# $ ε, ” _r2

# $ ω_ε, ”

# $ ω, ” #, ε $ ” Ñl

#, ωÑε $ ”
#, ω $ ε, ” Ñr

# $ ωÑε, ”

# $ ω, ” !l

#, %ω $ ”
#, ω $ ” !r

# $ %ω, ”

#, ωrt{xs $ ” 1

@l

#, @x ω $ ”

# $ ωry{xs, ”
@r

# $ @x ω, ” 2

#, ωry{xs $ ”
Dl

#, Dx ω $ ” 2

# $ ωrt{xs, ”
1

Dr

# $ Dx ω, ”

#, t“t $ ”
Ref

# $ ”

#, t“s, ωrs{xs, ωrt{xs $ ”
Rep

#, s“t, ωrt{xs $ ”

Structural Rules

# $ ”
wknl

#, ω $ ”
# $ ”

wknr

# $ ω, ”

#, ω, ω $ ”
ctrl

#, ω $ ”
# $ ω, ω, ”

ctrr
# $ ω, ”

Cut Rule

# $ ω, ” #1, ω $ ”1

cut

#, #1
$ ”, ”1

1
for t a term

2
for y a variable with no free occurrence in the sequent concluding the rule (not in ”, Dx ω nor @x ω, nor #)
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ax
ω $ ω

D P Rax ’ñ D P AX

........................................................................

#, ω $ ” ^l1

#, ω ^ ε $ ”

pU, Dq P R^l1

’ñ
$
’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’%

U P SQ
and

D P SQ
and

rU Equ. rD

and

Dxωy $
lU Dxεy $

lD

¨

˚̋
xωy Ins.

lU and xω ^ εy Ins.
lD

and

Rem.

`
xωy, lU

˘
Equ. Rem.

`
xω ^ εy, lD

˘

˛

‹‚

where

˝ “ xω ^ εy” stands for “ ϖ3pxωy, xεy, 6q”.

˝ “ Dxωy $ k ϑrxϑy{yss” stands for “ Dn $ k
`
n P F ^ ϑrn{ys

˘
” and more generally

˝ “ Dxω1y $ k1 . . . . . . Dxωny $ kn ϑrxϑ1y{y1,...,xϑny{yns” stands for

“ Dp $ ϖnpk1, . . . , knq
`"

i"n

`
ςi
nppq P F ^ ςi

nppq $ ki
˘

^ ϑrς1
nppq{y1,...,ςn

nppq{yns

˘
”.

........................................................................
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#, ε $ ” ^l2

#, ω ^ ε $ ”

pU, Dq P R^l2

’ñ
$
’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’%

U P SQ
and

D P SQ
and

rU Equ. rD

and

Dxεy $
lU Dxωy $

lD

¨

˚̋
xεy Ins.

lU and xω ^ εy Ins.
lD

and

Rem.

`
xεy, lU

˘
Equ. Rem.

`
xω ^ εy, lD

˘

˛

‹‚

........................................................................

#, ω $ ” #, ε $ ” _l

#, ω _ ε $ ”

pUl, Ur, Dq P R_l

’ñ
$
’’’’’’’’’’’&

’’’’’’’’’’’%

Ul, Ur, D P SQ
and

rUl Equ. rUr Equ. rD

and

Dxωy $
lUl Dxεy $

lUr

¨

˚̋
xωy Ins.

lUl and xεy Ins.
lUr and xω ^ εy Ins.

lD

and

Rem.

`
xωy, lUl

˘
Equ. Rem.

`
xεy, lUr

˘
Equ. Rem.

`
xω ^ εy, lD

˘

˛

‹‚

........................................................................
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# $ ω, ” #, ε $ ” Ñl

#, ω Ñ ε $ ”

pUl, Ur, Dq P RÑl

’ñ
$
’’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’’%

Ul, Ur, D P SQ
and

rUr Equ. rD

and

Dxωy $
rUl Dxεy $

lUr

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

xωy Ins.
rUl and xεy Ins.

lUr and xω ^ εy Ins.
lD

and

Rem. pxωy, rUlq Equ. rUr

and

Rem.

`
xεy, lUr

˘
Equ. lUl Equ. Rem.

`
xω Ñ εy, lD

˘

and

Rem.

`
xεy, lUr

˘
Equ. Rem.

`
xω Ñ εy, lD

˘

˛

‹‹‹‹‹‹‹‹‹‹‹‚

˝ where “ A Equ. B Equ. C ” stands for “ A Equ. B and B Equ. C ”

........................................................................

# $ ω, ” !l

#, %ω $ ”

pU, Dq P R$l

’ñ
$
’’’’’’&

’’’’’’%

U, D P SQ
and

Dxωy $
rU

¨

˚̋
xωy Ins.

rU and x%ωy Ins.
lD

and

Rem. pxωy, rUq Equ. Rem.

`
x%ωy, lD

˘

˛

‹‚

........................................................................
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#, ωrt{xns $ ”
@l

#, @xn ω $ ”

pU, Dq P R@l

’ñ$
’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’%

U, D P SQ
and

rU Equ. rD

and

Dn $
lD Dx@xnωy $

lD Dxty $
lU

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

¨

˚̊
˚̊
˚̊
˝

x@xnωy Ins.
lD and

`
xωy, n

˘
P F✁x free

and

SF
ub. pxωy, xty, nq Ins.

lU

and

Rem.

`
SF
ub. pxωy, xty, nq, lU

˘
Equ. Rem.

`
x@xnωy, lD

˘

˛

‹‹‹‹‹‹‚

or

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˝

x@xnωy Ins.
lD

and
`
xωy, n

˘
P

`
F✂x Y F✁x bound

˘

and

xωy Ins.
lU

and

SF
ub. pxωy, xty, nq Ins.

lU

and

Rem.

`
xωy, lU

˘
Equ. Rem.

`
x@xnωy, lD

˘

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˝ “ Dn $
rU Dx@xnωy $

rU . . .” stands for

“ Dn $
rU Dm $

rU
´
m P F ^ ς3

3pmq “ 10 ^ ς2
3pmq “ n ^ ς1

3pmq “ xωy ^ . . .
¯
”

˝ “ xωy stands for “ ς1
3

`
x@xnωy

˘
”

˝ “ Dxty $
lU . . .” stands for “ Dv $

lU
`
v P T ^ . . .

˘
”

........................................................................
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#, ωrxk{xns $ ”
Dl

#, Dxn ω $ ” 2

pU, Dq P RDl

’ñ
$
’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’%

U, D P SQ
and

rU Equ. rD

and

Dxxny $
lD Dxxky $

lU DxDxnωy $
lD Dxεy $

lU

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˝

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

xDxnωy Ins.
lD and xεy Ins.

lU

and
`
xεy, k

˘
P F✁x free and

´
k ‰ n Ñ

`
xεy, n

˘
P

`
F✂x Y F✁x bound

˘¯

and

ϖ3pSF
ub. pxεy, xxny, kq , n, 11q “ xDxnωy

and

Rem.

`
xεy, lU

˘
Equ. Rem.

`
xDxnωy, lD

˘

and

@xϑy $
lD

´
xϑy Ins.

lD Ñ pxϑy, kq P
`
F✂xk Y F✁xk bound

˘¯

and

@x↽y $
rD

´
x↽y Ins.

rD Ñ px↽y, kq P
`
F✂xk Y F✁xk bound

˘¯

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

or

¨

˚̊
˚̊
˚̋

xDxnωy Ins.
lD and xεy Ins.

lU and
`
xεy, k

˘
P

`
F✂xk Y F✁xk bound

˘
and

`
xεy, n

˘
P

`
F✂x Y F✁x bound

˘

and ϖ3pxεy, n, 11q “ xDxnωy and

Rem.

`
xεy, lU

˘
Equ. Rem.

`
xDxnωy, lD

˘

˛

‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

where

˝ “ Dn $
rU Dx@xnωy $

rU . . .” stands for

“ Dn $
rU Dm $

rU
´
m P F ^ ς3

3pmq “ 11 ^ ς2
3pmq “ n ^ ς1

3pmq “ xωy ^ . . .
¯
”

˝ “ xωy stands for “ ς1
3

`
x@xnωy

˘
”

˝ “ Dxxky $
lU . . .” stands for “ Dk $

lU
`
xxky “ ϖ3pk ` 1, 0, 0q ^ . . .

˘
”

........................................................................

2xk has no free occurrence in ”, Dxn ω and #
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#, t “ t $ ”
Ref

# $ ”

pU, Dq P RRef

’ñ
$
’’’’’’’’’’’&

’’’’’’’’’’’%

U, D P SQ
and

rU Equ. rD

and

Dxty $
lU

¨

˚̋
xt “ ty Ins.

lU

and

Rem.

`
xt “ ty, lU

˘
Equ. lD

˛

‹‚

........................................................................

#, t “ s, ωrs{xns, ωrt{xns $ ”
Rep

#, s “ t, ωrt{xns $ ”

pU, Dq P RRep

’ñ$
’’’’’’’’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’’’’’’’’%

U, D P SQ
and

rU Equ. rD

and

Dxty $
lU Dxsy $

lU Dn $ U Dxωy $ UU

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

xt “ sy Ins.
lU

and

SF
ub. pxωy, xsy, nq Ins.

lU and SF
ub. pxωy, xty, nq Ins.

lU

and

xs “ ty Ins.
lD and SF

ub. pxωy, xty, nq Ins.
lD

and

Rem.

`
SF
ub. pxωy, xty, nq, Rem.

`
xs “ ty, lD

˘˘

Equ.
Rem.

`
SF
ub. pxωy, xsy, nq, Rem.

`
SF
ub. pxωy, xty, nq, Rem.

`
xt “ sy, lU

˘˘˘

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

........................................................................
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# $ ω, ” # $ ε, ” ^r

# $ ω ^ ε, ”

pUl, Ur, Dq P R^r

’ñ

$
’’’’’’’’’’’&

’’’’’’’’’’’%

Ul, Ur, D P SQ
and

lUl Equ. lUr Equ. lD

and

Dxωy $
rUl Dxεy $

rUr

¨

˚̋
xωy Ins.

rUl and xεy Ins.
rUr and xω ^ εy Ins.

rD

and

Rem. pxωy, rUlq Equ. Rem. pxεy, rUrq Equ. Rem. pxω ^ εy, rDq

˛

‹‚

........................................................................

# $ ω, ” _r1

# $ ω _ ε, ”

pU, Dq P R_r1

’ñ

$
’’’’’’’’’’’&

’’’’’’’’’’’%

U, D P SQ
and

lU Equ. lD

and

Dxωy $
rU Dxεy $

rD

¨

˚̋
xωy Ins.

rU and xω _ εy Ins.
rD

and

Rem. pxωy, rUq Equ. Rem. pxω _ εy, rDq

˛

‹‚

........................................................................
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# $ ε, ” _r2

# $ ω _ ε, ”

pU, Dq P R_r2

’ñ

$
’’’’’’’’’’’&

’’’’’’’’’’’%

U, D P SQ
and

lU Equ. lD

and

Dxεy $
rU Dxωy $

rD

¨

˚̋
xεy Ins.

rU and xω _ εy Ins.
rD

and

Rem. pxεy, rUq Equ. Rem. pxω _ εy, rDq

˛

‹‚

........................................................................

#, ω $ ε, ” Ñr

# $ ω Ñ ε, ”

pUl, Ur, Dq P RÑr

’ñ
$
’’’’’’’’’’’’&

’’’’’’’’’’’’%

Ul, Ur, D P SQ
and

Dxωy $
lUl Dxεy $

rUr

¨

˚̊
˚̊
˚̊
˚̋

xωy Ins.
lUl and xεy Ins.

rUr and xω Ñ εy Ins.
rD

and

Rem. pxεy, rUrq Equ. Rem. pxω Ñ εy, rDq

and

Rem.

`
xωy, lUl

˘
Equ. lD

˛

‹‹‹‹‹‹‹‚

........................................................................
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#, ω $ ” !r

# $ %ω, ”

pU, Dq P R$r

’ñ
$
’’’’’’’’’’’&

’’’’’’’’’’’%

U, D P SQ
and

Dxωy $
lU

¨

˚̊
˚̊
˚̊
˝

xωy Ins.
lU and x%ωy Ins.

rD

and

Rem.

`
xωy, lU

˘
Equ. lD

and

Rem. px%ωy, rDq Equ. rU

˛

‹‹‹‹‹‹‚

........................................................................
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# $ ωrxk{xns, ”
@r

# $ @xn ω, ” 2

pU, Dq P R@r

’ñ
$
’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’%

U, D P SQ
and

lU Equ. lD

and

Dxxny $
rD Dxxky $

rU DxDxnωy $
rD Dxεy $

rU

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˝

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

x@xnωy Ins.
rD and xεy Ins.

rU

and
`
xεy, k

˘
P F✁x free and

´
k ‰ n Ñ

`
xεy, n

˘
P

`
F✂x Y F✁x bound

˘¯

and

ϖ3pSF
ub. pxεy, xxny, kq , n, 11q “ x@xnωy

and

Rem. pxεy, rUq Equ. Rem. px@xnωy, rDq

and

@xϑy $
rD

´
xϑy Ins.

rD Ñ pxϑy, kq P
`
F✂xk Y F✁xk bound

˘¯

and

@x↽y $
rD

´
x↽y Ins.

rD Ñ px↽y, kq P
`
F✂xk Y F✁xk bound

˘¯

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

or

¨

˚̊
˚̊
˚̋

x@xnωy Ins.
rD and xεy Ins.

rU and
`
xεy, k

˘
P

`
F✂xk Y F✁xk bound

˘
and

`
xεy, n

˘
P

`
F✂x Y F✁x bound

˘

and ϖ3pxεy, n, 11q “ x@xnωy and

Rem. pxεy, rUq Equ. Rem. px@xnωy, rDq

˛

‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

where

˝ “ Dn $
rU Dx@xnωy $

rU . . .” stands for

“ Dn $
rU Dm $

rU
´
m P F ^ ς3

3pmq “ 10 ^ ς2
3pmq “ n ^ ς1

3pmq “ xωy ^ . . .
¯
”

˝ “ xωy stands for “ ς1
3

`
x@xnωy

˘
”

˝ “ Dxxky $
rU . . .” stands for “ Dk $

rU
`
xxky “ ϖ3pk ` 1, 0, 0q ^ . . .

˘
”

........................................................................

2xk has no free occurrence in ”, @xn ω and #
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# $ ωrt{xns, ”
Dr

# $ Dxn ω, ”

pU, Dq P RDr

’ñ$
’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’%

U, D P SQ
and

lU Equ. lD

and

Dn $
rD DxDxnωy $

rD Dxty $
rU

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

¨

˚̊
˚̊
˚̊
˝

xDxnωy Ins.
rD and

`
xωy, n

˘
P F✁x free

and

SF
ub. pxωy, xty, nq Ins.

rU

and

Rem. pSF
ub. pxωy, xty, nq, rUq Equ. Rem. pxDxnωy, rDq

˛

‹‹‹‹‹‹‚

or

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˝

xDxnωy Ins.
rD

and
`
xωy, n

˘
P

`
F✂x Y F✁x bound

˘

and

xωy Ins.
rU

and

SF
ub. pxωy, xty, nq Ins.

rU

and

Rem. pxωy, rUq Equ. Rem. pxDxnωy, rDq

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˝ “ Dn $
rU DxDxnωy $

rU . . .” stands for

“ Dn $
rU Dm $

rU
´
m P F ^ ς3

3pmq “ 11 ^ ς2
3pmq “ n ^ ς1

3pmq “ xωy ^ . . .
¯
”

˝ “ xωy stands for “ ς1
3

`
xDxnωy

˘
”

˝ “ Dxty $
rU . . .” stands for “ Dv $

rU
`
v P T ^ . . .

˘
”

........................................................................
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# $ ”
wknl

#, ω $ ”

pU, Dq P Rwknl

’ñ
$
’’’’’’’’’’’&

’’’’’’’’’’’%

U, D P SQ
and

rU Equ. rD

and

Dxωy $
lD

¨

˚̋
xωy Ins.

lD

and

Rem.

`
xωy, lD

˘
Equ. lU

˛

‹‚

........................................................................

# $ ”
wknr

# $ ω, ”

pU, Dq P Rwknr

’ñ
$
’’’’’’’’’’’&

’’’’’’’’’’’%

U, D P SQ
and

lU Equ. lD

and

Dxωy $
rD

¨

˚̋
xωy Ins.

rD

and

Rem. pxωy, rDq Equ. rU

˛

‹‚

........................................................................
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#, ω, ω $ ”
ctrl

#, ω $ ”
# $ ω, ω, ”

ctrr
# $ ω, ”

pU, Dq P Rctr l&r ’ñ

$
’’’’’’&

’’’’’’%

U, D P SQ
and

lU Equ. lD

and
rU Equ. rD

........................................................................

# $ ω, ” #1, ω $ ”1

cut

#, #1
$ ”, ”1

pUl, Ur, Dq P Rcut

’ñ
$
’’’’’’’’’’’’&

’’’’’’’’’’’’%

Ul, Ur, D P SQ
and

Dxωy $
rUl

¨

˚̊
˚̊
˚̊
˚̋

xωy Ins.
rUl and xωy Ins.

lUr

and

Union

`
Rem.

`
xωy, lUr

˘
, lUl

˘
Equ. lD

and

Union pRem. pxωy, rUlq, rUrq Equ. rD

˛

‹‹‹‹‹‹‹‚

........................................................................
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We use the following notations:

Notation 2.1

˝ R0
“ Rax

˝ R1
“

"
R^l1 Y R^l2 Y R$l Y R@l Y RDl Y R_r1 Y R_r2 Y R$r Y R@r

Y RDr Y Rwknl
Y Rwknr Y Rctr l&r Y RRep Y RRef Y Rcut

˝ R2
“ R_l Y RÑl Y R^r .

We say an integer codes a proof if it is of the form

ϖ4proot, left proof-tree, right proof-tree, arity of the ruleq.

Definition 2.2

The set Proofs of the codes of all possible proofs is defined by

k “ ϖ4pn1, n2, n3, n4q P Proofs

’ñ
$
’’’’’’&

’’’’’’%

n4 “ 0 and n3 “ 0 and n2 “ 0 and n1 P R0

or

n4 “ 1 and n3 “ 0 and n2 P Proofs and
`
ς1
4pn2q, n1

˘
P R1

or

n4 “ 2 and n3 P Proofs and n2 P Proofs and
`
ς1
4pn3q, ς1

4pn2q, n1

˘
P R2.

Notation 2.2

Given any proof P we write xP y for the integer described above that codes this proof.
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Lemma 2.1

The set Proofs is Prim. Rec.

Proof of Lemma 2.1:

ϱProofspnq “

$
’’’’’&

’’’’’%

1 if ς4
4pnq “ 0 and ς3

4pnq “ 0 and ς2
4pnq “ 0 and ς1

4pnq P R0

1 if ς4
4pnq “ 1 and ς3

4pnq “ 0 and ϱProofs

`
ς2
4pnq

˘
“ 1 and

`
ς1
4 ˝ ς2

4pnq, ς1
4pnq

˘
P R1

1 if ς4
4pnq “ 2 and ϱProofs

`
ς3
4pnq

˘
“ ϱProofs

`
ς2
4pnq

˘
“ 1 and

`
ς1
4 ˝ ς3

4pnq, ς1
4 ˝ ς2

4pnq, ς1
4pnq

˘
P R2

0 otherwise.

By Lemma 1.2, Proofs is Prim. Rec.

5.3 Undecidability of Robinson Arithmetic

Since Robinson Arithmetic is some very weak theory, one might think that it should be easy to
solve any question posed in such a theory. To the contrary, it turns out that Robinson Arithmetic
is undecidable.

Definition 3.1

(1) A theory T is recursive if the following set is recursive:

!
xωy | ω P T

)
.

(2) A theory T is decidable if the following set is recursive:

thms pT q “

!
xωy | T $c ω

)
.

Informally, this means that a theory is decidable if one has an algorithm (in fact, a Decider)
which on any input that represents a formula ω stops and accepts if T proves ω, and stops and
rejects if T does not prove ω.



Arithmetic 169

Theorem 3.1

Given any LA-theory T , the set
!`

xP y, xωy
˘

P N2
| P is a proof of T $c ω

)

is

˝ primitive recursive if T is primitive recursive,

˝ recursive if T is recursive.

Proof of Theorem 3.1:

First, P is proof that T $c ω if P is a proof-tree whose root is some sequent “ ” $ ω ” for
some finite ” ( T .
We recall Lemma 1.10 which stated that the following set is Prim. Rec.

F✁closed “
!

xωy | ω is a closed formula from LA
(

Second, let ϱT P N #Ñ N be the characteristic function of T . i.e.,

ϱT pnq “

#
1 if n “ xωy P T

0 otherwise.

The characteristic function of

A “

!`
xP y, xωy

˘
P N2

| P is a proof of T $c ω
)

is
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ϱApn, mq “

$
’’’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’’’%

1 if

$
’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’%

n P Proofs

and

m P F
and

@i $
lς1

4pnq zlς1
4pnqyi ‰ 0 #Ñ ϱT

`
zlς1

4pnqyi
˘

“ 1

and

@j $
rς1

4pnq
`
zrς1

4pnqyj “ m _ zrς1
4pnqyj “ 0

˘

and

Dj $
rς1

4pnq zrς1
4pnqyj “ m

0 otherwise.

We see that this function is primitive recursive if ϱT is primitive recursive, and total
recursive if ϱT is total recursive.

Proposition 3.1

Given any LA-theory T ,

!
xεy | ε P T

)
is recursive ùñ

!
xωy | T $c ω

)
is recursively enumerable.

Proof of Proposition 3.1:

We set

A “

!`
xP y, xωy

˘
P N2

| P is a proof of T $c ω
)

and B “

!
xωy | T $c ω

)
.

By Theorem 3.1, the set A is recursive. Hence the function

ϱpart

B pnq “ 1 9́
´
1 9́

`
µk ϱApk, nq “ 1

˘¯

is also Part. Rec. and it satisfies n P B ’ñ ϱpart

B pnq “ 1.

We recall that a theory is complete if it satisfies both
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(1) T &c K (i.e., T is consistent)

(2) for every formula ω, either T $c ω or T $c %ω holds

Corollary 3.1

Let T be any recursive LA-theory.

If T is complete, then T is decidable.

Proof of Corollary 3.1:

By Proposition 3.1 both sets
!

xωy | T $c ω
)

and
!

xωy | T $c %ω
)

are recursively enumerable. Since T is complete we have
!

xωy | T &c ω
)

“

!
xωy | T $c %ω

)

Hence
N⊋

!
xωy | T $c ω

)
“

`
N⊋ F

˘
Y

!
xωy | T $c %ω

)

is recursively enumerable, which yields the result.

Now we come to the main result of the chapter. Gödel’s first incompleteness theorem will be an
immediate consequence of this undecidability result.

Theorem 3.2: Undecidability of any consistent recursive extension of Rob.

Let T ) Rob. be any LA-theory.

If T is consistent, then T is undecidable.

Notice that Theorem 3.2 could also be stated:
Let T be any LA-theory which extends Rob.,

T is consistent ’ñ T is undecidable.

Because if a theory T is inconsistent, then it proves everything, therefore we have
!

xωy | T $c ω
)

“ F .

which makes T decidable.



172 Gödel & Recursivity

Proof of Theorem 3.2:

Towards a contradiction, we assume that T is decidable (i.e,
!

xεy | T $c ε
(

is recursive).
We then consider

F✁x0 !free
“

!
xωy | ω is a formula whose only free variable is x0

(
.

Since we already know that the set

F✁x free “
!`

xωy, n
˘

| ω is a formula from LA and xn is free in ω
(

is Prim. Rec. (see Lemma 1.8) and we have

xωy P F✁x0 !free
’ñ

`
xωy, 0

˘
P F✁x free and @n $ xωy

´
n ‰ 0 Ñ

`
xωy, n

˘
R F✁x free

¯
.

an immediate consequence is that F✁x0 !free
is also Prim. Rec.

Then the seta !`
xωy, n

˘
| xωy P F✁x0 !free

and T $c ωrn{x0s

)

“
!`

xωy, n
˘

| xωy P F✁x0 !free
and SF

ub. pxωy, xny, 0q P
!

xεy | T $c ε
()

is recursive.

We then consider the following set

:̆Diag. “

"
k P N | pk, kq R

!`
xωy, n

˘
| xωy P F✁x0 !free

and T $c ωrn{x0s

)*
.

i.e. for any integer k we have:

k R
:̆Diag. ’ñ k “ xωy P F✁x0 !free

and T $c ωrrxϑys{x0s,

which is exactly

k R
:̆Diag. ’ñ k “ xωy P F✁x0 !free

and T $c ωrS ¨ ¨ ¨ Sloomoon
xωy

0{x0s.

:̆Diag. is clearly recursive. Therefore, by Theorem 2.2, there exists some formula ω:̆px0q

(with x0 being the only free variable) that represents :̆Diag..
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This means that for all k P N we have:

˝ k P
:̆Diag. ùñ Rob. $c ω:̆rk{x0s

˝ k R
:̆Diag. ùñ Rob. $c %ω:̆rk{x0s

.

In order to get a contradiction, it is enough to consider the closed formula ω:̆rrxϑ:̆ys{x0s
where

rxω:̆ys stands for the term

xϑ:̆yhkkikkj
S . . . S 0.

Indeed, as with the Halting problem, where we asked the question whether our machine
would stop on its own code as input, here we ask the question whether or not T proves

ω:̆rrxϑ:̆ys{x0s
. This depends on whether xω:̆y belongs to :̆Diag. or not.

˝ xω:̆y P
:̆Diag. ùñ

ϑ:̆ represents
:̆Diag.hkkkkkkkkkkkkikkkkkkkkkkkkj

Rob. $c ω:̆rrxϑ:̆ys{x0s
ùñ T

since T % Rob.hkkkkkkkikkkkkkkj
$c ω:̆rrxϑ:̆ys{x0s

ùñ

by def. of
:̆Diag.hkkkkkikkkkkj

xω:̆y R
:̆Diag.

˝ xω:̆y R
:̆Diag. ùñ Rob. $c %ω:̆rrxϑ:̆ys{x0slooooooooooooomooooooooooooon

ϑ:̆ represents
:̆Diag.

ùñ T $c %ω:̆rrxϑ:̆ys{x0slooooooooooomooooooooooon
since T % Rob.

ùñ T &c ω:̆rrxϑ:̆ys{x0sloooooooooomoooooooooon
since T is consistent

ùñ xω:̆y P
:̆Diag.looooomooooon

by def. of
:̆Diag.

We obtain
xω:̆y P

:̆Diag. ’ñ xω:̆y R
:̆Diag..

a
we recall that on page 145 we defined S

F
ub. pnu, nt, nq “

#
xωrt{xnsy if nω “ xωy P F , nt “ xty P T

0 otherwise .

This brings to the mind what we did in the proof of Proposition 7.5.

We propose again a picture that illustrates this diagonal argument. If pωiqiPN is a enumeration
of all the formulas with x0 as one and only free variable, we make sure to define a formula which
satisfies this requirement although it is none of them.
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ω0 ω1 ω2 ω3 ω4 ω5 ωn

xω0y 0 1 1 0 1 0 . . . 0 . . .

xω1y 1 1 1 0 0 0 . . . 0 . . .

xω2y 1 0 1 0 0 0 . . . 1 . . .

xω3y 0 0 1 0 1 0 . . . 0 . . .

xω4y 0 1 0 1 1 1 . . . 0 . . .

xω5y 1 1 0 0 0 0 . . . 0 . . .

...
...

...
...

...
...

...
...

xωny 1 0 0 0 1 1 . . . 1 . . .
...

...
...

...
...

...
...

...

There is a 1 on the array – for instance on row 3 and column 2 – if T $c ω2prxω3ysq, and there
is a 0 – for instance on row 2 and column 5 – if T &c ω5prxω2ysq.

Now if T is decidable, the whole array is decidable. This means there is a Decider that on any
input pn, mq accepts if there is a 1 on position pn, mq, and rejects if there is a 0. Furthermore, for
the whole array is decidable, its diagonal is also decidable. Hence the complement of the diagonal
is decidable as well. Finally, since all recursive sets are representable, the complement of the
diagonal is represented by some formula among the enumeration – say ωn – which inevitably
stumbles on rxωnysq.
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5.4 Undecidability of first order logic

Theorem 4.1: Undecidability of first order logic

The following set is not recursive:
!

xωy | $c ω
)
.

Proof of Theorem 4.1:

Since Rob. is a finite LA-theory, we let ωRob. be the conjunction of the seven axioms from
Rob.. For any formula ε we have

Rob. $c ε ’ñ ωRob. $c ε ’ñ $c ωRob. Ñ ε.

xεy P

!
xωy | Rob. $c ω

)
’ñ xωRob. Ñ εy P

!
xωy | $c ω

)
.

Therefore, if the set of codes of universally valid formulas were decidable, then Robinson
arithmetic would also be decidable.

5.5 Gödel’s 1st incompleteness theorem

Everything is now ready to prove the first incompleteness theorem in a couple of swift moves.

Theorem 5.1: Gödel’s 1
st

incompleteness theorem

If T ) Rob. is any recursive LA-theory, then

T is incomplete.

Proof of Theorem 5.1:

We prove the contrapositive. If T is complete, then T is consistent. By Theorem 3.2, T
is then undecidable. Corollary 3.1 states that every theory which is both recursive and
complete is decidable. Therefore, T is not recursive.
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Another way of stating this theorem (very common among philosophers) is the following:

There exists a true sentence that is not provable.

Or even,

There exists a sentence that is true although it is not provable.

“Provable” usually refers to Peano Arithmetic, and “true” means true in the standard model.
And very often people add

“Taking this true sentence as an axiom inevitably yields another one that is not provable. ”

Of course the understatement hidden behind this assertion is that “ the complete theory of the
standard model is not recursive ”.

To put it in our language, what these philosophers do is they consider some theory T ) Rob.
(usually they take Peano Arithmetic). This theory being both consistent (since they presume
it is satisfied inside the standard model N) and recursive (that criterion is often omitted), it is
incomplete by Gödel’s 1st incompleteness theorem, there exists some closed formula ω such that
both T &c ω and T &c %ω. If N |ù ω, then ω is the formula they have in mind, and if N * ω,
then %ω is the formula they have in mind.
The assumption “ taking this true sentence as an axiom inevitably yields another one that is not
provable ” simply refers to the fact that for any closed formula ω such that N |ù ω holds, and
any recursive theory T such that N |ù T holds as well, we have

(1) N |ù T Y tωu, hence T Y tωu is consistent,

(2) T Y tωu remains recursive.

Therefore, T Ytωu is another incomplete theory, which yields another formula ε such that T &c ε
and T &c %ε but N |ù ε.
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